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Abstract 

Let k be an algebraically closed field of characteristic zero. Let / : X — > 
S be a flat, projective morphism of ^-schemes of finite type with integral 
geometric fibers. We prove existence of a projective relative moduli space 
for semistable singular principal bundles on the fibres of /. 

This generalizes the result of A. Schmitt who studied the case when X is 
a nodal curve. 

1 Introduction 

Let X be a smooth projective variety defined over an algebraically closed field k 
of characteristic 0. In lfl4l and lfT51 M. Maruyama, generalizing Gieseker's result 
from the surface case, constructed coarse moduli spaces of semistable sheaves on 
X (in fact the construction worked also in some other cases). Later, these moduli 
spaces were also constructed for arbitrary varieties (see C. Simpson's paper lETTO 
and in an arbitrary characteristic (see ifTTI and lfl2l ). Since the moduli space of 
semistable sheaves compactifies the moduli space of (semistable) vector bundles, 
it is an obvious problem to try to construct similar compactifications in case of 
principal bundles. This problem was considered by many authors (see [20J and 
the references within) and it was solved in case of smooth varieties. However, in 
case of singular varieties the problem is still open in spite of some partial results 
(see, e.g., and lfT8l0 . The aim of this paper is to solve this problem in the 
characteristic zero case. 

Let p: G — > GL(V) be a faithful ^-representation of the reductive group G. A 
pseudo G-bundle is a pair (=2/, t), where srf is a torsion free (^-module of rank 
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r = dimV and T:Sym*(^/ ®V) G — ^- <€?x is a nontrivial homomorphism of Gx- 
algebras. In [ 3 1 U. Bhosle, following earlier work of A. Schmitt |fT6ll in the smooth 
case, constructed the moduli space of pseudo G-bundles in case X satisfies some 
technical condition, which she showed to hold for seminormal or 52- varieties. 
However, it is easy to see that this condition is always satisfied (see Lemma I2~3l) . 
Giving the homomorphism x is equivalent to giving a section 

o : X -»■ Hom(,< V v ® &x)//G = Spec(Sym*(^/ ® V) G ). 

Let Ug? denotes the maximum open subset of X where srf is locally free. We say 
that the pseudo-G-bundle (stf , x) is a singular principal G-bundle if there exists a 
non-empty open subset U C U ^ such that a(U) C Isom(V <8> &u,s^ y \u)/G. 

In case when X is smooth, A. Schmitt showed in [17J that the moduli space of 
5-semistable pseudo G-bundles parametrizes only singular principal G-bundles 
(for large values of the parameter polynomial 8). In a subsequent paper IfTHl . 
he also showed that in case when X is a curve with only nodes as singularities, 
the moduli space constructed by Bhosle parameterizes only singular principal G- 
bundles. Moreover, under some mild assumptions on the representation p, he 
proved that o(U^) C Isom(V <g> G v ,s^ y \u^)/G (in this case we say that x) 
is an honest singular principal G-bundle). 

In this paper we prove that the same result holds for all the varieties: the mod- 
uli space constructed by Bhosle (for large values of the parameter polynomial 8) 
parameterizes singular principal G-bundles for all varieties X and all representa- 
tions p. More precisely, we prove the following theorem: 

Theorem 1.1. Let f : X — >■ S be aflat, projective morphism ofk-schemes of finite 
type with integral geometric fibers. Assume that k has characteristic zero. Let us 
fix a polynomial P and a faithful representation p: G — > GL(V) of the reductive 
algebraic group G. 

1. There exists a projective moduli space M-x/sp ~^ ^ f or S -flat families of 
semistable singular principal G-bundles on X — >■ S such that for all s G S 
the restriction £$\x s has Hilbert polynomial P. 

2. If the fibres off are Gorenstein and there exists a G-invariant non-degenerate 
quadratic form (p onV then this moduli space contains a closed subscheme 
M£, s p — > S of degree semistable singular principal G-bundles. This 
scheme parameterizes only honest singular principal G-bundles. 
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Since the fibre of , s p — > S over s G S is equal to m£ p this theorem shows 
that moduli spaces of singular principal bundles are compatible with degeneration. 

Our approach is similar to the one used in flU, (6l as explained in [20]: we 
prove a global boundedness result for swamps (this part of our paper works in any 
characteristic). Then we use this fact to prove the semistable reduction theorem 
in the same way as in the case of smooth varieties. The above mentioned bound- 
edness result is the main novelty of the paper. It is obtained by proving that the 
tensor product of semistable sheaves on a variety is not far from being semistable. 

The second part of the theorem follows from careful computation of Hilbert 
polynomials of dual sheaves on Gorenstein varieties. 

Unfortunately, the above approach does not work in positive characteristic 
because we still do not know how to construct moduli spaces of swamps for rep- 
resentations of type p aAc :GL(V) ->• GL((V® a )® b ® (detV)- c ) for c ^ 0. In case 
of characteristic zero, to construct the moduli space of pseudo G-bundles it was 
sufficient to use moduli spaces of p a j ? c -swamps for c = 0. But the construction 
used the Reynolds operator which is not available in positive characteristic. 

Moreover, in positive characteristic there appears a serious problem with defin- 
ing the pull-back operation for families of pseudo G-bundles on non-normal vari- 
eties (see (201 Remark 2.9.2.23]). 

The structure of paper is as follows. In Section 2 we recall some definitions 
and results, and we show that Bhosle's condition is satisfied for all varieties. In 
Section 3 we study Picard schemes in the relative setting and we state some ex- 
istence results for moduli spaces of swamps. Section 4 is a technical heart of the 
paper: we prove that the tensor product of semistable sheaves on non-normal va- 
rieties is close to being semistable. Then in Section 5 we show that in many cases 
singular principal bundles of degree are honest. In Section 6 we use all these 
results to prove semistable reduction theorem and to show existence of projective 
relative moduli spaces for (honest) singular principal bundles. 

Notation. 

All the schemes in the paper are locally noetherian. A variety is an irreducible 
and reduced separated scheme of finite type over an algebraically closed field. 
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2 Preliminaries 



2.1 Basic definitions 

Let X be a d-dimensional projective variety over an algebraically closed field k. 
Let ^x(l) be an ample line bundle on X. 

We say that a coherent sheaf E on X is torsion free if it is pure of dimension 
d. For a torsion free sheaf £ we can write its Hilbert polynomial as 

P(E)(m) := X (X,E ® ^(m)) = £ C%(£)-. 

i=o z • 

The ran/c of £ is defined as the dimension of E tg>K(X), where K(X) is the field 
of rational functions. It is denoted by rk£ and it is equal to (Xd(E) / Ot, d {&x)- We 
also define the degree of E as 

deg£ = a d -i(E)-rkE-a d _ l (0 x ) 

(see flU Definition 1.2.11]). The slope fi(E) is, as usually, defined as the quotient 
of the degree of E by the rank of E. 

For two coherent sheaves £,FonXwe set 

E®F = E®F j Torsion . 

Lemma 2. 1 . IfX is a normal variety and E and F are torsion free sheaves on X 
then 

H(E®F) = n(E) + n{F). 

Proof. If E is a torsion free sheaf then for a general choice of hyperplanes H\,...,Hd& 
|^x(l)| we have 

P(E)(m) = Zx(E\ f]j<i H J )l 

(see [0 Lemma 1.2.1]). It follows that the rank and degree of E depend only on 

Z{E\r\j&Hj) for i = d and i = d-l. 

If X is a normal variety then by assumption E is locally free outside of a closed 
subset of codimension > 2. For a general choice of hyperplanes Hi,...,Hd G 
the intersection f]j <d Hj is a union of points and C\j<d-l^j ls a smooth 
curve. Therefore the sheaves E\^. <iH . for i = d and i = d—1 are locally free. 
Similarly, the sheaves F\^. <iH . for z = d and i = d—\ are locally free. Since in 
case of points and smooth curves our assertion is clear, we get the lemma. □ 
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If X is normal then we can define the determinant of a torsion free sheaf E as 
the refiexivization of /\ lkE E. In this case the degree degE is equal to the degree 
of the determinant. This fact follows immediately from the proof of the above 
lemma. 

2.2 Serre's conditions 

We say that a coherent sheaf E on a scheme X satisfies condition S& if for all points 
x G X we have depth x (.E x ) > min(dim£' x ,fc). 

The following lemma is quite standard but we need a more general version 
than usual. In case of smooth projective varieties it is essentially equivalent to flU 
Proposition 1.1.6]. 

Lemma 2.2. Let X be a Cohen-Macaulay scheme of finite type over afield. Then 

1. <§xt q x {E, (Ox) is supported on the support ofE and for all points x EX we 
have (%xt\{E, (Ox) x = 0ifq< codim^. Moreover, codim^.^^, (Ox) > q 
for q > coding £. 

2. E satisfies condition if and only if for all points x G X we have codim x Sxt\ (E,COx)> 
q + kfor all q > codimxE. 

Proof. By assumption X is Cohen-Macaulay and every local ring Gx, x is a quo- 
tient of a regular local ring, so we can apply the local duality theorem (see jH 
Theorem 6.7]) to prove that Sxt\{E, co x ) x ^ if and only if J% c dimxX ~ q (E) ^ 0. 
But the local cohomology m * X q (E) vanishes if dim^X — q > dim x E, which 
proves the first part of 1. If q = codim v £' then cod\m x ($ xt x (E, (Ox)) > q is equiv- 
alent to the obvious inequality dim x (S 'xt q x (E , (Ox)) < dim x E. Hence, since every 
sheaf satisfies So, the second part of 1 follows from 2. 

To prove 2 note that by (8] Theorem 3.8] depth x (E x ) > min(dim£' x ,fc) if and 
only if Jif x '(E) = for all i < min(dim£' x , k). By the local duality theorem this last 
condition is equivalent to S'xt q x (E 1 (Ox) x = 0forg > max(codim x £ , ,dim^) ( :,x — k). 
This is equivalent to saying that for q > coding £ a non- vanishing of £xt x (E, (Ox) x 
implies dim &x,x > q + k. □ 

Let k be an algebraically closed field. Let X be a J-dimensional pure (i.e., 
&x satisfies Si) scheme of finite type over k. Let C be a smooth curve defined 
over k and let us fix a closed point G C. By px '■ Z = X x C — > X we denote 



5 



the projection. Let Y be a non-empty proper closed sub scheme of X x {0} (in 
particular, we assume that X has dimension > 1), and let i : Y <— > Z denote the 
corresponding closed embedding. Let us also set U = Z — Y and let j : U ^ Z 
denote the corresponding open embedding. 

Lemma 2.3. If E is a pure sheaf of dimension d on X then we have a canonical 
isomorphism p\E ~ j*j*(p x E). In particular, &z — j*&u and for any locally 
free sheaf F on Z we have F ~ j*j*F. 

Proof. Let us set F = p\E. Since we have a canonical map F — > j*j*F, the asser- 
tion is local and hence we can assume thatX and Y are affine. By [8, Proposition 
2.2] we have an exact sequence 

-> i*My{F) F -> jJ*F -> i„ J^ 1 (F) -> 0. 

To prove that i*Jt?y(F) = for z = 0, 1, it is sufficient to prove that for every point 
y EY, the depth of F y is at least 2 (see jH Theorem 3.8]). Now, let us take a local 
parameter s E &c,Q- Then F y /sF y ~ Ey has depth at least 1 (because by assumption 
E satisfies Si), so the required assertion is clear. □ 

Remark 2.4. The above lemma shows in particular that every variety satisfies con- 
dition (2.19) in the sense of Bhosle (see (31 Definition 2.8]). 

2.3 Moduli spaces of pseudo G-bundles 

Let us fix a faithful representation p: G — > GL(V), r = dimV, of a reductive alge- 
braic group G. 

A pseudo G-bundle is a pair t), where srf is a torsion free Gx -module 
of rank r and T:Sym*(i2/ ®V) G — >• &x is a nontrivial homomorphism of ^y- 
algebras. Giving T is equivalent to giving a section 

o : X -»■ Hom(,< V v ® ^r)//G = Spec(Sym*(^/ <g> V) G ). 

A weighted filtration a,) of =$3^ is a pair consisting of a filtration 

i/, = (0c4c..c<c^) 

by saturated subsheaves of increasing ranks and an s-tuple 

a, = (a h ...,a s ) 
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of positive rational numbers. To every weighted filtration (&/ m , 05,) one can asso- 
ciate the polynomial 

s 

M(sf m , a.) := £ a,(P«) -rk(^) -P(j$) -rk(O). 

7=1 

If ce # ) is a weighted filtration of a pseudo G-bundle x) then one can 
also define the number [i(^/ % ,a,,x) describing stability of the SL(^/ (g)^(X))- 
group action on Hom(£/ ®K(X),V y ®K{X))//G (see, e.g., [19, 3.3.2]). 

Let us fix a positive polynomial 8 with rational coefficients and of degree 
< dimX — 1. Then we say that a pseudo G-bundle x) is 8-(semi)stable if srf 
is torsion free and for any weighted filtration (=2/,, 05,) of srf we have inequality 

M(^„ a.) + 8- ii(sfm, a„ t)(>)0. 

To define the slope version of (semi) stability instead of M(^i,a,) one uses 
the rational number 

L(>4,a.) := J^o^deg^-rk^) -deg^ -rk(^)). 
(=1 

The following theorem follows from the results of Schmitt lfT6l (in the smooth 
case) and from the results of Bhosle (3]| and Lemma [2731 in general: 

Theorem 2.5. Let (X, <^(1)) be a polarized projective variety defined over an 
algebraically closed field of characteristic zero. Then there exists a projective 
moduli space M^p/or 8-semistable pseudo G-bundles (&/, x) on X, such that srf 
has Hilbert polynomial P (with respect to ffx{^))- 

2.4 Semistability of singular principal G-bundles 

Let [sd , t) be a pseudo G-bundle. Let us recall that giving x is equivalent to giving 
a section 

o :X ^eom(^,V v ®^ x )//G = Spec(Sym*(.e/<g>V) G ). 

Let U ^ denotes the maximum open subset of X where srf is locally free. The 
pseudo-G-bundle (gf, x) is a singular principal G-bundle if there exists a non- 
empty open subset U C such that 

a(U) c Isom(V <g> V , srf y \u)/G. 
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If stf has degree and o{U^) C Isom(V ® G v ^,^ \u^)/G then we say that 
t) is an honest singular principal G-bundle. 

Let us recall that a singular principal G-bundle t), via the following pull- 
back diagram, defines a principal G-bundle t) over the open subset U : 

>Isom(V®0u,^ v |{/) 

U — ^^Isom(y®^ ( /, I e/ v \u)/G. 

If X is smooth then every singular principal G-bundle is honest (see [fT9l 
Lemma 3.4.2]). Note that our definitions are slightly different to those appearing 
in previous literature (which changed in time to the one close to our definitions). 

Let t) be a singular principal G-bundle and let A : G m — > G be a one- 
parameter subgroup of G. Let 

Q G (X) :={gEG: lim X{t)gX{t)~ l exists in G}. 

A reduction of (&/, t) to A is a section /3 : t/' — > x)/Qg{X) defined over 

some non-empty open subset U' CU. Such reduction defines a reduction of struc- 
ture group of a principal GL(V) -bundle associated to srf to the parabolic sub- 
group <2gl(v) W' so we g et a weighted filtration {s^l, a,) of srf 

Let j :U )• X denote the open embedding. Then for i = 1, s we define 
as saturation of fl j*(^')- m particular, we get a weighted filtration («sz^, a.) 
of ^. 

We say that a singular principal G-bundle t) is (semi)stable if is torsion 
free and for any reduction of (=sz/, t) to a one-parameter subgroup A : G m — >• G we 
have inequality 

M(^.,a.)(>)0. 

3 Moduli spaces of swamps revisited 

In this section we recall and reprove some basic results concerning existence of 
the relative Picard scheme and its compactifications. Then we apply these results 
to existence of moduli spaces of swamps. 

We interpret the compactified Picard scheme as the coarse moduli space of 
stable rank 1 sheaves and we use Simpson's construction of these moduli spaces to 
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prove existence of the universal family (i.e., the Poincare sheaf) under appropriate 
assumptions. This approach, although very natural, seems to be hard to find in 
existing literature, especially in the relative case. 

The notation in this section is as follows. R denotes a universally Japanese 
ring. We also fix a projective morphism / : X — > S of i?-schemes of finite type with 
geometrically connected fibers. We assume that / is of pure relative dimension d. 
By &x(y) we denote an /-very ample line bundle on X. We also fix a polynomial 
P. 

3.1 Universal families on relative moduli spaces 

Let us define the moduli functor ^x/s,p '■ (Sch /S) — > (Sets) by sending T — >■ S 
to 

{isomorphism classes of T-flat families of Gieseker ^ 
semistable sheaves with Hilbert polynomial P > / ~, 
on the geometric fibres of p : T x$X — > T J 

where ~ is the equivalence relation ~ defined by F ~ F' if and only if there exists 
an invertible sheaf K on T such that F ~ F' <g> p*K. 

Theorem 3.1. (see O, OH, ETJ, CD and There exists a projective 
S- scheme M x /s,p, which uniformly corepresents the functor ^ x /s,p- Moreover, 
there is an open subscheme M^, sp C M x /s,p that universally corepresents the 
subfunctor ^x/s p °ff am ^ es of geometrically Gieseker stable sheaves. 

We are interested when the moduli scheme M s x j s p represents the functor -^x/s 
This is equivalent to existence of a universal family on M x , s p x$X. 

Let us recall that the moduli scheme M x , s p is constructed as a quotient of 
an appropriate subscheme R s of the Quot-scheme Quot(Jf ;P) by PGL(V). Let 
q*J4? — > F denote the universal quotient on R s XsX. 

Proposition 3.2. ([9, Proposition 4.6.2]) The moduli scheme M s x , s p represents 
the functor ^ x / s P if and only if there exists a GL(V) -linearized line bundle A 
on R s on which elements t of the centre Z(GL(V)) ~ G ra act via multiplication 
by t. If such A exists then J^om(p*A,F) descends to a universal family and any 
universal family is obtained in such a way. 
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3.2 Existence of compactified Picard schemes in the relative 

case 



For simplicity we assume that all geometric fibers of / are irreducible and reduced 
(hence they are varieties) and that 5 is connected. 

Let us fix a polynomial P. For all locally noetherian 5-schemes T — > 5 let us 

set 

6pf c > (j\ _ / isomorphism classes of invertible sheaves L on Xj = T x s X 1 
x/s,P\ > — I such mat %(x t ,Lt(n)) = P(n) for every geometric t E T J 

Note that if 0^ic X j Sp {T) is non-empty then the highest coefficient of P is the 
same as the highest coefficient of the Hilbert polynomial of Ox s for any s E 5. 

As before we introduce an equivalence relation ~ on ^ic' x ^ s p (T) by L ~ L' 
if and only if there exists an invertible sheaf K on T such that L ~ L' <g> p*K. Then 
we can define the Picard functor 

mc x/s , P : (Sch/5) — )• (Sets) 

by sending an 5-scheme T to s ic x /s,p{T) = £Pic' x ^ s p (T) / ~ 

Let us also define the compactified relative Picard functors. There are two 
different methods of compactification of the Picard scheme. We can compactify 
the Picard scheme by adding all the rank 1 torsion free sheaves on the fibres of 
X or only those rank 1 torsion free sheaves that are locally free on the smooth 
locus of the fibres. The second method has the advantage of producing a smaller 
scheme. 

Let us set 

{isomorphism classes of T-flat sheaves L on Xj = T x$X 
such that L t is a torsion free, rank 1 sheaf on X t 
and x(Xt,Lt(n)) = P(n) for every geometric t E T 

As before we define the compactified Picard functor 



Picx/sf. (Sch/5) — > (Sets) 



by sending an 5-scheme T to ^ic x /s,p(T) = £?ic x/s,p{T) / 
We also define the small compactified Picard functor 



mc x/s ,P : (Sch/5) — ► (Sets) 
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by sending an S-scheme T to 

-^sm _ f L G ^ic'x /s,p(T) such that L is locally free 
"*/s,pl J - | Qn the smoot ' h locus f Xj ,/ T 

Theorem 3.3. Assume that f : X — >■ 5 /zas a section g : S —tX. 

1. There exists a quasi-projective S-scheme Yic x /s /> ?/zaf represents the Picard 
functor &icx js.p- 

2. If g(S) is contained in the smooth locus ofX/S then there exists a pro- 
jective S-scheme Ycx/s,p that represents the compactified Picard functor 
&icx/s,P- Moreover, Y\c x /s,p contains a closed S-subscheme Pic™ 5 / > that 
represents the small compactified Picard functor ^icx/s,p- 

Proof. First let us remark that all the Picard functors ^ic x /s,p, ^i c x/s.p an d 
SPicxjs p are subfunctors of the moduli functor ^x/s,P- ^ n f act ' from our as- 
sumptions it follows that &icx/s,p = ^x/s p = ^x/s,P- Now we can construct 

Yic x /s ,p> Pi c x /s,p an d Pi c x/5 p as Geometric Invariant Theory quotients of appro- 
priate subschemes Rpi c C ^p^™ 1 C Rp^ = R S = R ss of the Quot-scheme used to con- 
struct the moduli space Af£ , s p by GL(V) . In fact all these quotients are PGL(V)- 

sin 

principal bundles. To prove that Y\c x /s,p i s a closed subscheme of Yic x /s,p it is 
sufficient to see that R-p-g< m is a closed subscheme of R^. This follows from [|2l 
Lemma on p. 37] applied to the universal quotient restricted to the smooth locus 
of Rf^x s X ->Rp£. 

To prove 1 by (a slight generalization of) Proposition l3.2l it is sufficient to show 
existence of a GL(V) -linearized line bundle Api c on Rpi c on which the centre of 
GL(V) acts with weight 1. 

Let us set A Pic = det/?*(F ®g* @ g (g)), where F comes from the universal quo- 
tient on Rpic x s%- The definition makes sense since F is a line bundle on Rp[ c x $X 
and p*{F ®q* & g (s)) = 0^ Pic x sg)*F is also a line bundle. The centre of GL(V) 
acts on the fibre of A Pic at ([p],*) G Rp{ c x$X with weight %(&Xf,J[x) = 1» which 
implies the first assertion of the theorem. 

Now assume that g(S) is contained in the smooth locus of X/S. Then the same 
argument as above gives existence of the Poincare sheaf on Yicx/sp- Existence 
of the Poincare sheaf on Yic x /s.p is slightly more difficult. First let us show that 
there exists a resolution 

-»■ E n -»■ . . . -»■ E @ g{s) 0, 
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where E\ are locally free sheaves onl. Since there are sufficiently many locally 
free sheaves on X we can construct the resolution up to step E n -\, where n is the 
relative dimension of X/S. Then the kernel of E n -\ — > E n -2 is also locally free. 
Indeed, it is sufficient to check it on the geometric fiber X s over s € S, where one 
can use the fact that the homological dimension of &g( s ) is equal to n (this follows 
from the smoothness assumption). 

Tensoring with a high tensor power 0x(>n) we can assume that all the higher 
direct images of F <g> q* (Ei(m)) under the projection p vanish. In particular, all 
sheaves p*(F ® q* (Ei(m))) are locally free. Then we can set 

A Wc = det p , (F <g> q* ( @ g{s) (m) ) ) = (g) (det p* (F <g> q* (E, (m) ) ) ) (" ^ . 

i 

Obviously, the centre of GL(V) still acts on the fibres of with weight 1 . Hence 
the theorem follows from Proposition l3.2[ □ 

Remark 3.4. Note that the second part of Theorem 13 .31 does not immediately fol- 
low from m and 0. Representability of (compactified) Picard functors is proven 
there only in etale topology or after rigidification (see, e.g., [|2l Theorems 3.2 and 
3.4]). Rigidification of the compactified Picard functor amounts in our case to 
restricting to the open subset of R^, where the restriction of F to g(S) is invert- 
ible. Then by the same argument as in the proof of 1 of Theorem 13.31 we can 
construct the scheme representing the corresponding rigidified Picard functor ob- 
taining [|2l Theorem 3,4]. However, we prefer to make a stronger assumption as 
in 2 to construct the projective Picard scheme. 

3.3 Moduli spaces of swamps 

Let us fix non-negative integers a and b and consider a GL(V)-module (y® fl )© fo 
Let p a b'.GL(V) — > GL(V' s ' a )® b ) be the corresponding representation. If srf is a 
sheaf of rank r = dimV then we can associate to it a sheaf £^ Pab = . On 

the open set where srf is locally free, £^ Pab is a locally free sheaf associated to the 
principal bundle obtained by extension from the frame bundle of srf . 

Let us recall that a p a ^-swamp is a triple (^,L, <p) consisting of a torsion free 
sheaf srf on X, a rank 1 torsion free sheaf L on X and a non-zero homomorphism 

Let us fix a positive polynomial 5 of degree < d — 1 with rational coefficients. 
Let us write 8(m) = ~dr^y + 0(m d - 2 ). 
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For a weighted filtration (^/., a,) of srf we set r; = rk^ and we consider a 
vector 7 G Q' defined by 




(r-r ; )x 



Let 7y denote the j'th component of y. We set 

H (^., a.; <p) = -minj ft + • • • + y ia \ (i h ...,i a ) e I : P^®...®^)®* ^ 

where 7 = {l,...,5 , + l} xa is the set of all multi-indices. 

Let us recall that a p a ^-swamp <p) is 8-(semi)stable if for all weighted 

filtrations (.04, a,) we have 

M(g/,, a.) + ji (gf. 7 a.; 9) 5(>)0. 

A p a /,-swamp <p) is s/o/?e 8-(semi)stable if for all weighted filtrations 

(■e/., a.) we have 

L(=04,a.) +/i(^/.,a.;<p)5(>)0. 

Now we can state the most general existence result for moduli spaces of 
swamps. We keep the notation from the beginning of this section. 

Theorem 3.5. Let us fix an S-flat family Jz? of pure sheaves of dimension d on 
the fibres of f : X — >■ S. Assume that either d = 1 or f has only irreducible and 
reduced geometric fibres. Then there exists a coarse S-projective moduli space for 
8-semistable S-flat families of p a j,-swamps <p) such that for every s E S 

the restriction saf\x s has Hilbert polynomial P. 

In case when X is a smooth complex projective variety this theorem was 
proved by Gomez and Sols in 0, and later generalized by Bhosle to singular 
complex varieties satisfying Bhosle's condition in J3]|. Note that in and 
the authors considered only the case when J? is locally free. However, this is not 
necessary due to Lemma [2731 and it is sufficient to assume that Jzf is torsion free. 
Generalization to the relative case in arbitrary characteristic follows from [11] and 
[fT2ll . We need only to comment why one does need to require that the fibres of 
/ are irreducible or reduced in the curve case. This fact follows from [9, Remark 
4.4.9]: torsion submodules for sheaves on curves are detected by any twist of its 
global sections. This allows to omit using [[31 Proposition 2.12] in the curve case. 
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In particular, this shows that all the results of Sorger G2l are now a part of the 
more general theory. 

We also have another variant of the above theorem (cf. Il20l Theorem 2.3.2.5]): 

Theorem 3.6. Let us fix a Hilbert polynomial Q. Assume that all geometric 
fibers of f are irreducible and reduced and assume that f : X — >■ S has a section 
g : S — > X such that g(S) is contained in the smooth locus ofX/S. Then there exists 
a coarse moduli space for 8-semistable S -flat families of p a \,-swamps j£f, <p) 
such that for every s G S the restriction srf\x s has Hilbert polynomial P and the 
restriction J*?\x s has Hilbert polynomial Q. This moduli space is projective over 

4 Tensor product of semistable sheaves on non-normal 
varieties 

Let (X, ^x(l)) be a <i-dimensional polarized projective variety defined over an 
algebraically closed field k. 

Let v : X — » X denote the normalization of X and let £ be a coherent Gx- 
module. Since v is a finite morphism, there exists a well defined coherent G x - 
module v l E corresponding to the v*<^-module J^fom(v^G x ,E). If E is torsion 
free then we have M > om@ yi {y*& x l Gx,E) = 0. Hence 

v*(v ! £) =J^om ffx (v^ x ,E) cJfomff x (0 x ,E)=E 

and v E is also torsion free. 

Lemma 4.1. There exists a constant cc (depending only on the variety X) such 
that for any rank r torsion free sheaf E on X we have 

< n(E) -n(Jt?om(v*0 x ,E)) < a. 

Proof. We have an exact sequence 

0^ M>om Gx (v*0 x ,E) ^E gxt l ffx (v*0x/0x,E). 

For large m we have 

P(J^omff x (v^ Xl E))(m) <P(E)(m) 
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and, since M'om^ (v*@ x ,E) and E have the same rank, we have 

VL^om^iy^E)) < n(E). 
On the other hand we have 

ad-i(E) < a d ^(^om ffx (v^ x ,E)) + a d ^i(Sxt 1 ffx (v^ x / & X ,E)). 

Note that £xt\y {y^ff^l '&x,E) is supported on the support of v* t l@x. Let 
Y\ , . . . denote codimension 1 irreducible components of the support of V*& x / &x 
Thena d _!(^4 x ( V* & x I €?x,E)) can be bounded from the above using the ranks 
of Sxt ff x ( V* x /&x, E) at Y\ , . . . , Yk. Hence by the above inequality, to prove the 
lemma it is sufficient to bound these ranks. 

There exists a subsheaf GcE such that G is locally free (we need only locally 
free in codimension 1) and E/G is torsion (i.e., equal to zero at the generic point 
of X). This can be constructed by taking r general sections of E(m) for large m 
and twisting the image of G x C H°(E(m)) <S> &x -> E(m) by ^x(-m). 

Then we have an exact sequence 

= J4?om(v*0 x /0 X ,E) J$?om(v*0 x /0 x ,E/G) ^ Sxt x (v*0 x j @x,G) 

Note that the sheaves in this sequence are supported on |JY} and the rank of 
&xt x {y*6 x l '&x,G) on Y t is the same as the rank of $xt\v*& x /@ x , & x ) on Y i- 
In particular, it depends only on the rank r and it is independent of E. Hence 
the dimensions of J$?om(v*& x / '&x,E /G) at the generic points of Y\,. . . ,3^ are 
bounded from the above by a linear function of r. But this implies that the ranks 
of E/G, and hence also of Sxt 1 ( V* & x / &x , E /G) , on Y\ , . . . , Y k are bounded inde- 
pendently of E. Now we can use the sequence 

gxt\v*0x/0 x ,G) Sxt\v^ x /dx,E) gxt l (v*0 x /0 x ,E/G) 

to bound the ranks of <gxt x Gx {y*G x j X ,E) on Y\,. . . ,Y k . □ 

COROLLARY 4.2. Let us set /3 = a&-\{6%) - G^-l(^x)- Then for any rank r 
torsion free sheaf E on X we have 

P<H(E)-n(v l E) < a + j3, 

where the slopes are computed with respect to ffxiX) onX and V*^x(l) on X. 
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Proof. For any sheaf F on X we have 

%{X,F®v*@ x {m))=%{X,v*F®ff x {m)). 

This implies that 
Therefore, since 

v*(v ! £) = Jfom^(v,^,£), 

we have 

H{E)-n(v l E) = (n(E)-ii(Jfom(v^ x ,E))) + (ii(v*(v ] E))-ii(v ] E)) 
= (n{E)-nl#?om{v^ x ,E)))+p. 

Now the corollary follows from Lemma [47TI □ 

COROLLARY 4.3. For any rank r torsion free sheaf E on X we have 

P <Mmax(^)-Mmax(v ! J E) < Of + jB. 

Proof If G C £ is a subsheaf of £ then v ! G C v ! .E and hence 
Ai(G) <Ai(v ! G) + a + /3 <Aimax(v ! £) + a + /3. 

This proves that 

Mmax(£) < /imax(v ! £)+a + /3. 

Now if F c v ! £ then v*F c v*(v ! £) c £. Therefore 

= M(V*F) - j8 < Aimax(£) - JS, 

which implies that 



J"max(v£) </imax(£)-/3. 



□ 



For a torsion free sheaf £ on I we set v^E = v*E/ Torsion. Then v*V^E = 
(v*v*£)/ Torsion. 

Note that v ! is an equivalence of categories of sheaves on X and X whereas 
has much worse properties. But has the following important property: since 
v*(£i®£ 2 ) = v*£i®v*£ 2 we have v\Ei®E 2 ) = v tt £i®v tt £ 2 - 

Let = Axm{v*@ x / @x) C <^x and ^ x = '£ ■ G x d G x denote conductor 
ideals of the normalisation. 
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Lemma 4.4. For any torsion free sheaf E on X we have 

m(v»5)<m(v^)-m(^). 

Proof. Note that ^ = M'om^ ( V*^, ^y)- Therefore for any coherent ^-module 
£ we have a canonical map 

C €®E = ,#?om<? x (v>&xi 0x)®^om(0 x ,E) -> JTom^ x (v*^,£) = v*(v ! £) 

given by composition of homomorphisms. Since v* and v* are adjoint functors 
this map induces 

v*%?<g>v*£^ v-E. 
Since E is torsion free and ^ = we get 

Since this inclusion is an isomorphism at the generic point of X we have the fol- 
lowing inequality 

Htfx®V 6 E <ilv-E. 

Now Lemma [2TI implies the required inequality. □ 
COROLLARY 4.5. For any rank r torsion free sheaf E on X we have 

-jB<M(v*20 -n{E) <-j8 
where the slopes are computed with respect to ^x(l) on X and v*^jf (1) on X. 
Proof. The canonical map £ — > v*(v*E) leads to the inclusion 

E^v^E). 

This gives 

H(E)<n(v^E))=n(v^E)+p, 

where the last equality follows from proof of Lemma I4~2l This bounds the differ- 
ence fi(v^E) — li(E) from below. To get the bound from the above it is sufficient 
to use Lemma [4741 and Corollary 14.21 □ 
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Remark 4.6. By Lemma |47fl and the above corollary we have 

M (v ! E) > M (v%) + /x(^) > ii{E)-fi+iL(V t ). 

This allows to take in Lemma [47T1 a = — ju(^). The proof of Lemma [47T1 also 
gives a related and explicit bound on a. 

The above corollary can be used to prove the following corollary: 

COROLLARY 4.7. For any rank r torsion free sheaf E on X we have 

-JS < /w(v%)-/w(£) < -j3 

Proof. If G C £ is a subsheaf of E then v*G C v^E and hence 
ju(G) < Ai(v tt G) +/3 < /w(v%) + J8. 

This proves that 

Mmax(£) <)Umax(v%)+j3. 

Now if i 7 C then by the proof of Lemma |44l we have 

Together with Lemma [27T1 and Corollary 14.31 this gives 

ju(F) < /w(v ! £) -M(^) < AW(£) -J8 -/x(^), 
which implies that 

Mmax(v tt £) < Hmax(E) - JS -jU(^). 

□ 

Since v*(#i ®£ 2 ) = v*£i <g>v*£ 2 we have v tt (£i®£ 2 ) = V^i^V^- There- 
fore [fT3l Introduction] or j6l Lemma 3.2.1] imply the following proposition. 

Proposition 4.8. There exists an explicit constant y (depending only on the 
polarized variety (X,&x{\))) sucn that for any two torsion free sheaves E\ and 
E2 on X of ranks ri, r 2 , respectively, we have 

Mmax(^lfe) < Mmax(£l) + Mmax(£ 2 ) + (ri+r 2 )y. 
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5 Honest singular principal bundles 



In this section X is a J-dimensional projective variety defined over an algebraically 
closed field k with a fixed ample line bundle ^x(l)- 

The main aim of this section is proof of the following generalization of [fT8l 
Proposition 3.4]: 

Proposition 5.1. Assume thatX is Gorenstein (i.e., a Cohen-Macaulay scheme 
with invertible dualizing sheaf (Ox) and there exists a G-invariant non-degenerate 
quadratic form (p on V. Then every degree singular principal bundle is an honest 
singular principal bundle. 

Proof. Let t) be a degree singular principal bundle. As in the proof of |[T8l 
Proposition 3.4] one can easily show that there exists an injective map srf — » stf y 
induced by the form (p. By Lemma 15.31 we see that the Hilbert polynomials of 
srf and are the same up to the terms of order 0(m d ~ 2 ). Hence s$ — > g/ w 
is an isomorphism in codimension 1 . Now let us recall that for each x£l two 
finitely generated modules over a local ring Gx,x satisfying 52 that coincide in 
codimension 1 are equal. In particular, at each point x where srf is locally free the 
map s$ — > is an isomorphism. As in the proof of [18, Proposition 3.4] this 
implies that 

o(U*) C Isom(V® Gu,^-^ \uJ)/G. 

□ 

The following lemma generalizes a well known equality from smooth varieties 
to singular ones. 

Lemma 5.2. For any rank r coherent sheaf E and a line bundle L we have 
deg(£®L) =deg£ + r(L-^(l) d - 1 ). 

Proof. We use the notation from Kollar's book lITOl Chapter VI. 2]. In particu- 
lar, Ki(X) stands for the subgroup of the Grothendieck group of X generated by 
subsheaves supported in dimension at most i. We have 

d 

L®E(m) = Y,c\{L) i -E{m) 

i=0 



19 



(see, e.g., OH Chapter VI.2, Lemma 2.12]). On the other hand, by [10, Chapter 
VI. 2, Corollary 2.3] we have 

E = r^ x mod K^iX). 

Note that 

L®E(m)=E(m) + rc x (L) • &x{m) + c\ (L) -{E-r &x){m) + £ c\ (L)' -E(m) 

i>2 

and a (L) -(E-r &x)+Li> 2 c\ (L) 1 ■ E e K d _ 2 (X) by (TSH Chapter VI.2, Proposi- 
tion 2.5]. Therefore by IfTOl Chapter VI.2, Corollary 2.13] we have 

X(X,L®E(m)) = x{X,E{m)) + r X (X, Cl (L) ■ x {m)) + 0(m d - 2 ). 

By the Riemann-Roch theorem for singular varieties (see H, Corollary 18.3.1]) 
we have 

X(X,c,(L)-t? x (m)) = x{X,<?x{m))-x{X,L-\m)) 

= j x {ch{^ x {m))-ch{L-\m)))TAX 



which, together with the previous equality, implies the lemma. □ 
Lemma 5.3. IfX is Gorenstein and E is a torsion free sheaf on X then 

degE w = — degE. 

Proof. Since X is Cohen-Macaulay Serre's duality gives the equality 

d 

X(X,E) = (-l) d £(-l) I 'dimExt , '(£,a*). 

The local to global Ext spectral sequence 

H p (X, <Sxt q (E, (Ox)) => Ext p+<? (£, (o x ) 

implies that 

Lf =0 (-l)MimExt' : (£,co x ) = Zo< P , q <d(-l) p+q dimHP(X^xti(E,(Ox)) 

= lf q=0 {-\Yx{X,Sxt q x {E,(Ox)). 
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Therefore we obtain 

X (X,E( m )) = (-l) d ^(-l)«x(X^xt q x (E : (O x )®0 x (-m)). 

By Lemma [2T2l we have dimS'xt x (E, (Ox) < d — 2 for g > 0, so by ifTOl Chapter 
VI, Corollary 2.14] 

(£, q^) (g) ^z(-m)) = 0(m d - 2 ) 
for g > 0. Since COy is invertible 3>^om(E, (Ox) = E y ®(Ox and we get 

%{X,E{m)) = (-l) d x(X,E x/ ®(0 X (-m)) + 0(m d - 2 ). 
In particular, we have 

a d _ i (£ v ® (Ox) = - a d _ i (E) . 

Therefore by Lemma [52] 

deg£ v = feg{EV®oDx)-rc l (a> x )-c l (0 x (l)) d - 1 

= a rf _i( J B v ®w x )-m rf _i(^x)-rci((Ox)-ci(^(l))^ 1 
= -deg£-2m rf _ 1 (^)-rc 1 (£0 X )-c 1 (^(l)) d - 1 . 

Applying this equality for E = G x we see that 

-2a rf _!(^) - ci(fi?r) ■ci(^(l)) d - 1 = 0, 
so deg£' v = — degit. □ 



6 Semistable reduction for singular principal G-bundles 

The following global boundedness of swamps on singular varieties can be proven 
in the same way as in the case of smooth varieties (see [5, Theorem 4.2.1], j6l 
Theorem 3.2.2] or 11201 Theorem 2.3.4.3]). The only difference is that we need 
Proposition [478] (instead of, e.g., (6] Lemma 3.2.1]). 

Theorem 6. 1 . Let us fix a polynomial P, integers a, b and a class I in the Neron- 
Severi group of X. Then the set of isomorphism classes of torsion free sheaves 
stf on X with Hilbert polynomial P and such that there exists a positive rational 
number 8 and a slope 8-semistable p a \,-swamp (&/,L,<p) with L of class I is 
bounded. 
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This boundedness result implies the following semistable reduction theorem 
(see [5, Theorem 5.4.4], [|6l Theorem 4.4.1] or (201 Theorem 2.4.4.1]). We skip 
the proof as it is the same as in the smooth case. 

Theorem 6.2. Assume that k has characteristic zero. Then there exists a polyno- 
mial cL such that for every positive polynomial 5 > doc every 5 -semistable pseudo 
G-bundle (&f, t) is a singular principal G-bundle. 

Let us recall that a singular principal G-bundle is semistable if and only if the 
associated pseudo G-bundle is 5-semistable for 8 > 5*, (see [5, Theorem 5.4.1]). 
Therefore the above semistable reduction theorem and Theorem 12.51 imply the 
following corollary. 

COROLLARY 6.3. Assume that k has characteristic zero and let us fix a polyno- 
mial P. Then there exists a projective moduli space M% P for semistable principal 
G-bundles t) on X such that srf has Hilbert polynomial P. 

Now let us consider the relative case. Let / : X — > S be a flat, projective 
morphism of ^-schemes of finite type with integral geometric fibers. Assume that 
k has characteristic zero and fix a polynomial P. 

Theorem 6.4. Let us fix a faithful representation p: G — > GL(V) of the reductive 
algebraic group G. 

1. There exists a projective moduli space M^ sp — > S for S-flat families of 
semistable singular principal G-bundles on X — )■ S such that for all s E S 
the restriction &?\x s has Hilbert polynomial P. 

2. If the fibres off are Gorenstein and there exists a G-invariant non-degenerate 
quadratic form on V then this moduli space contains a closed subscheme 
^xfs p ^ $ of degree semistable singular principal G-bundles. This 
scheme parameterizes only honest singular principal G-bundles. 

The first part of this theorem follows directly from the above corollary (rewrit- 
ten in the relative setting). The second part is a direct consequence of Proposition 
15.11 Since proof in the relative setting is essentially the same as usual (cf. [|9l 
Theorem 4.3.7]) we skip the details. 
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